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ABSTRACT

Unlike polynomials, rational functions can represent functions hav-
ing poles or branch cuts with root-exponential convergence and no
Runge phenomenon. Recent developments of the AAA and greedy
continued fraction algorithms have sparked renewed interest in
computational rational approximation. The RationalFunctionAp-
proximation package supplies the fastest known implementations
of these methods and the only arbitrary-precision ones. Combined
with the ComplexRegions package, it can produce compact and
accurate representations of a huge variety of functions over inter-
vals, circles, or other domains in the complex plane.
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1. Introduction

Approximation of functions is a foundational technology for scien-
tific computing. As of this writing, the Julia ecosystem has excel-
lent options for approximation in packages such as Interpolations
[12] for piecewise polynomials, ApproxFun [20] for global polyno-
mials, Kernellnterpolation [13] for radial basis functions, and many
others.

A long-studied class of approximating functions are the ratio-
nal functions, which are ratios of polynomials. Unlike polynomi-
als, they can represent functions having branch cuts with root-
exponential convergence [19, 11] and have no Runge requirement
for crowding interpolation nodes near boundaries [21]. Rational ap-
proximations are generally more compact than polynomial repre-
sentations for functions that have singularities in the complex plane
near the approximation domain. They have been used in applica-
tions such as nonlinear eigenvalue problems, reduced-order model-
ing, and the solution of PDEs [1, 4, 9, 10, 14, 22, 26]. In particular,
see the recent survey [18].

An important connection between rational and polynomial inter-
polants is their common representation in the barycentric for-
mula [2, 25], which allows for fast, stable evaluation. A major
recent development in computational rational approximation is
the AAA algorithm [16]. This approach chooses the barycentric
weights to minimize least-squares error over a test set and uses
an iterative greedy selection of new interpolation nodes. The AAA
method was later extended to use adaptive node selection in con-
tinuous domains in order to avoid under-resolution near singular-
ities [7]. The Julia package BaryRational implements the AAA
algorithm—originally only in discrete form, but later borrowing
from this package for continuum intervals.

Rational functions have an alternative classical representation in
terms of continued fractions, a fact used by Thiele over 100 years

ago to derive an interpolation scheme via inverse differences [15].
Thiele’s method has long been known to be vulnerable to numer-
ical instability, depending strongly on the selection and ordering
of interpolation nodes. Salazar [23, 24] has recently shown that a
greedy iterative approach to selecting nodes can yield stable Thiele
approximations. Adding a single node to a Thiele interpolant on
n nodes requires just O(n) work, compared to O( 3) for AAA.
(Note, however, that choosing the next node requires O(mn) work
for m test points, so the overall cost of the iteration is O(n?), as
opposed to O(n*) for AAA.)

The RationalFunctionApproximation package implements three ra-
tional approximation methods: the AAA algorithm, the greedy
Thiele algorithm, and linear least-squares approximation using pre-
scribed poles. It builds on the ComplexRegions package to provide
a convenient interface for approximating functions on complex do-
mains, such as the unit disk or the exterior of a polygon. The pack-
age is compatible with extended-precision arithmetic as provided,
e.g., by BigFloat or MultiFloats. The package is intended for use
both as a library for applications or for research into rational ap-
proximation methods.

This paper is written about and using version 0.2.4.

2. Mathematical background
2.1 AAA

The barycentric representation of a rational interpolant is
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where z1,..., 2z, are distinct interpolation nodes, y1,...,y, are

the values of r at those nodes, and wy, . . ., w,, are the barycentric
weights. Generically, the function r is of degree n in both the nu-
merator and denominator. For a particular choice of the weights,
however, r is actually a polynomial of degree at most n — 1 [2].
We can instead use the weights to improve the global quality of the
approximation of r to a function f with values y; = f(z;).

We define the linearized residual
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Given test points ¢, . . ., ¢, in the domain of f, we can express the
evaluation of ¢ at those points as

(5(t1) w1
5(t2) Wao
=L\ .|, 3)
(tm) Wy,
where L is the m x n Loewner matrix with entries
t;) — vy,
Ly = -1 = @
Q<—Zj

Since the barycentric formula (1) is unaffected by a scaling of the
weight vector, we can recognize the least-squares minimization of
the vector § as equivalent to finding the least-significant right sin-
gular vector of L. Once the weights are determined, the true resid-
ual f(z) —r(z) be evaluated at the test points. The AAA algorithm
selects the test point with the largest magnitude of this residual as
the next interpolation node.

In the original discrete AAA algorithm [16], the test points are se-
lected prior to the iteration. In the continuum version [7], a small
initial set of test points is selected to discretize the boundary of the
domain, and with each transfer of a test point to the node set, a few
additional test points are added along the boundary to either side
of the new node. This adaptivity becomes important when f has a
singularity very close to or on the boundary of the domain.

2.2 Greedy Thiele
The Thiele representation of a rational interpolant is [23, 15]
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r(z) =dy + ——— )
d + zZ— Z9
2T g+
where, given nodes 21, ..., z, and inductively dy,...,d,_1, the
new weight d,, is defined as the result u,, of the iteration

Uy = f(zn)a
Zn — 2 (6)
uk—‘rl:uki—d,i fOI'k):l,...,’I’lfl.
Generically, r interpolates the values (z;, f(z;)) forj =1,...,n

and is a rational function of type (m,m) if n = 2m — 1 or type
(m+1,m)if n = 2m.

The Thiele representation has had modest computational use due to
the inverse difference appearing in (6), which is numerically unsta-
ble for many node distributions/orderings. However, Salazar [23,
24] observed that if one follows the structure of AAA by evaluat-
ing a candidate r at test points and greedily selecting the worst test
point as a new node, the method is often stable. A key attraction of
Salazar’s method is that it requires only O(n) work to add a new
node, comparing favorably to O(mn?) for AAA with n nodes and
m test points.

2.3 Prescribed poles

When prior information about the singularity structure of a function
is available, it can be useful to use a rational approximation with

prescribed poles, yielding a linear problem. Given poles (1, . .., (.,
consider the partial fractions representation
v Cs
r(z) =p(z) + . 7
(2) = p(2) ; s @)
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Table 1. : AbstractRationalFunction interface

Method Description Implemented?
show(io, r) | Pretty-print details yes
r(z) Evaluate at a point no
eltype(r) Floating-point type for values yes
isempty (r) Is the interpolant empty? yes
degrees(r) Degree of numerator, denominator no
degree(r) Degree of the denominator no
poles(r) Poles of the rational function no
residues(r) | Poles and residues no
roots(r) Roots of the rational function no
Res(r, z) Residue by trapezoidal rule yes

where ¢ is a polynomial. Evaluation of r at the test points
ti,...,tn yields an overdetermined linear system for the coeffi-
cients of p and the residues c1, ..., c,.

A potential difficulty with this approach is finding a well-
conditioned basis for p. On a circle, the monomial basis is ideal,
and on an interval, the Chebyshev basis is a natural choice, but
on a more general domain, the choice is not as apparent. To re-
solve this problem, we use the Vandermonde—Arnoldi approach [3],
which is a stable method to orthogonalize the monomial basis
{1,2,22,...,2™} as evaluated at the test points ¢.

3. Key data types
3.1 DiscretizedPath

The DiscretizedPath type manages the details of choosing nodes
and test points along a Curve or Path from the ComplexRegions
package. Both kinds of points are stored in an array that is allo-
cated at the time of construction, with nodes appearing in the first
column. The add_node! method designates one of the test points
as a new node, and additional test points are added to either side
of the new node. The collect method extends Base.collect to
return a vector of all nodes, all test points, or all points, depending
on the which keyword.

3.2 ArnoldiBasis and ArnoldiPolynomial

The ArnoldiBasis type applies the Arnoldi iteration to a given vec-
tor of points, as described in subsection 2.3. The ArnoldiPolyno-
mial type collects an ArnoldiBasis and a vector of coefficients,
providing an evaluation method. As a convenience, the backslash
operator is overloaded to solve a linear least-squares problem for a
function, as in the following:

Code 1: Least-squares for an ArnoldiBasis.

z = point (Circle(0, 1), range(0, 1, 800))
B = ArnoldiBasis(z, 10)
p = B \ cos # creates an ArnoldiPolynomial

maximum (abs, p.(z) - cos.(z))

The result from the above is about 2.78 x 10~7.

3.3 AbstractRationalFunction and
AbstractRationallnterpolant

The AbstractRationalFunction type is an abstract type providing a
common interface for rational functions. The type is parameterized
by the floating-point type of the function’s values. It provides stubs
or universal implementations for the methods shown in Table 1.
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Table 2. : AbstractRationallnterpolant interface

Method Description Implemented?
show(io, r) | Pretty-print details yes
nodes (r) Interpolation nodes no
values(r) Values at the nodes no

The AbstractRationallnterpolant type is an abstract subtype of Ab-
stractRationalFunction that provides an interface for rational inter-
polants. It is parameterized by the floating-point type of the interpo-
lation nodes and the floating-point type of the values at the nodes.
The type provides stubs or universal implementations for the meth-
ods shown in Table 2.

Each following concrete realization of one of these abstract types
also implements two signatures of the approximate function that
is described in subsection 3.4, one for approximation of a function
on a continuum domain, and one for fully discrete approximation.

3.3.1 Barycentric. Barycentric is a concrete subtype of Abstrac-
tRationalInterpolant that implements the barycentric representation
of a rational interpolant, as described in subsection 2.1. It stores
the nodes, values, and weights, and provides implementations for
the methods shown in Table 2. When precision beyond standard
Float64 is detected, the pole computation relies on GenericSchur
from GenericLinearAlgebra to perform the necessary generalized
eigenvalue computation.

3.3.2 Thiele. Thiele is a concrete subtype of AbstractRational-
Interpolant that implements the Thiele form of a rational inter-
polant, as described in subsection 2.2. It stores the nodes, values,
and weights, and provides implementations for the methods shown
in Table 2. Currently, however, the implementation of residues is
based only on trapezoidal integration rather than any special prop-
erty of the Thiele representation.

3.3.3 PartialFractions. The PartialFractions type is a concrete
subtype of AbstractRationalFunction that collects an ArnoldiPoly-
nomial and vectors of poles and residues, representing a rational
function with prescribed poles, as given in Equation 7. It imple-
ments all the methods shown in Table 1.

3.4 Approximation

The Approximation type is the primary type that a user interacts
with directly. It collects a function, information about its domain, a
rational approximant, and an iterative history. The standard way to
create an approximation is via the approximate function. It

3.4.1 Interpolation. To approximate a function on a continuum
domain, call approximate(f, d), where £ is a function and d
is a Curve, Path, or SimplyConnectedRegion. To use a discretized
domain, call approximate(f, z), where z is a vector of values
and f is a vector of the same length or a function. Either form ac-
cepts a method keyword that is either Barycentric (the default)
or Thiele.

3.4.2 Least squares. To make a least-squares approximation
with prescribed poles using the partial fraction representation, the
approximate function is called with three positional arguments:
a function or vector of values, a continuum domain or vector of
points, and a vector of prescribed poles. A degree keyword argu-
ment can be used to specify the degree of the polynomial part.
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Fig. 1: Pole plot of the AAA rational interpolant of f(z) = log(1+i+5iz)

on the unit interval. The poles cluster near the branch point at (¢ — 1) /5.

4. Examples

The package defines unit_interval as a Segment from —1 to 1.
We can approximate the function f(z) = log(1 + ¢ + 5iz) on this
interval as follows:

Code 2: Continuum AAA on the unit interval.

using RationalFunctionApproximation, CairoMakie
f(z) = log(1l + 1 + 5 * z)

r = approximate(f, unit_interval)

poleplot (r)

The result is a Barycentric interpolant of type (12, 12) and the plot
in Figure 1. The poles of this interpolant cluster near the branch
point of f at (¢ — 1)/5. We can check the size of the error via
check(r), which returns vectors of test points and error values
and prints a message with the maximum error; here, that maximum
is about 1.6 x 10713,

The usefulness of the continuum methods is apparent when singu-
larities of f creep close to the domain. If, for instance, we approx-
imate v/ + 10~%4 on equally spaced points in [1, 1], we will miss
important details at the origin:

Code 3: Discrete AAA for vz + 10-63.

£f(z) = sqrt(z + le-6im)

x = range(-1, 1, 1001)

r = approximate (f, x)

lines(-0.001..0.001, x->real(f(x) - r(x)))

Although the discrete iteration finishes successfully, with a reported
maximum error of 4.5 x 10714 at the entries of x, we see in Fig-
ure 2 that the error near the origin exceeds 10~2 at other locations.
With advance knowledge of the singularity structure, a discretiza-
tion could be chosen manually that would properly resolve the sin-
gularity. But the continuum approach offers this resolution auto-
matically:

Code 4: Continuum AAA for v/x + 10-%4.
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Fig. 2: Top: In the discrete AAA iteration, accuracy close to a singular-
ity will suffer if the nodes have insufficient resolution. Bottom: Continuum
AAA adaptively chooses nodes and test points in order to resolve the sin-
gularity.

r = approximate(f, unit_interval)
lines (-0.001..0.001, x->real(f(x) - r(x)))

Now, as confirmed in Figure 2, the error is less than 107!2 every-
where on the interval.

The convergence of AAA for Newman’s example of f(z) = |z| is
interesting:

Code 5: Continuum AAA for |x|.

r = approximate (abs, unit_interval)
convergenceplot (r)

As seen in the upper plot of Figure 3, the iteration was halted when
convergence stalled a bit short of machine roundoff. In order to
continue past the plateau, we can use extended precision supplied
by the DoubleFloats package. Since the eigenvalue computation
needed to check for disallowed poles is much slower in extended
precision, we disable the checks with the keyword allowed=true.

Code 6: Continuum AAA in extended precision.

using DoubleFloats, ComplexRegions

uiquad = Segment{Double64} (-1, 1)

r = approximate (abs, uiquad;
allowed=true, max_iter=200)

This computation took 30.5 seconds to compute on an Apple M4
Pro processor, compared to 0.23 seconds in Code 5. The lower plot
of Figure 3 shows that the convergence continues smoothly at a
root-exponential rate. Figure 4 illustrates that the positive node lo-
cations cluster with a tapered exponential pattern at the singularity,
much as the poles do [27].

Any of the above examples can be computed using the greedy
Thiele iteration in place of AAA by adding method=Thiele to
the approximate call. For example, we can use it in extended
precision for |z|:In order to exploit its speed for Code 5, we use
allowed=true to disable pole checking and add stagnation=20
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Fig. 3: Convergence of continuum AAA to the function |z| over [—1,1].
Top: Red dots indicate an interpolant having a pole in the interval, while
blue dots indicate no disallowed poles. The gold halo shows the inter-
polant returned as the result, chosen when the iteration stagnated. Bot-
tom: Using extended precision, the iteration continues successfully (with-
out pole checking); the square-root scale on the degree axis illustrates root-
exponential convergence.
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Fig. 4: Positive nodes selected by continuum AAA for the function |z| over
[—1, 1]. They cluster near the singularity at z = 0.

to make it persist through plateaus. We also double the number of
iterations, since the degree is roughly half the number of nodes:

Code 7: Continuum Thiele for |x|.

approximate (abs, uiquad; allowed=true,
method=Thiele, max_iter=400, stagnation=20)

The above code takes just 1.69 seconds to reach a similar degree
and accuracy as the AAA result. This speedup is dramatic because
AAA relies on generic implementations of the SVD for Double-
Floats, while Thiele requires no linear algebra at all. However, as
seen in Figure 5, the convergence of the Thiele iteration is far less
smooth here, which is why stagnation=20 was used to make it
continue past apparent plateaus.
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Fig. 5: Convergence of continuum Thiele to the function |z| over [—1, 1].
The smallest errors are similar to those in Figure 3 for AAA, but the con-
vergence is far less smooth.

An advantage of the AAA approach is that it can be modified to
construct near-best approximations in the max-norm sense [17],
which classically is of greater interest than the 2-norm. For in-
stance, the error for f(x) = |z — 0.5+ 0.05¢| is rather nonuniform:

Code 8: Continuum AAA for |z — 0.5 + 0.054].

f(z) = abs(z - 0.5 + 0.05im)
r = approximate(f, unit_interval, max_iter=20)
lines (check(xr)...)

As seen on the top of Figure 6, the error is larger on the right end of
the interval than on the left by orders of magnitude. The minimax
function uses iteratively weighted norms to place more emphasis
where the error is largest, resulting in near-uniform error, as shown
in the bottom of the figure.

Code 9: Minimax AAA for |z — 0.5 + 0.054|.

r_inf = minimax (r, 20);
lines (check (r_inf)...)

Other domains of analyticity may easily be specified. One prede-
fined domain is the unit circle:

Code 10: Approximation on the unit circle.

using SpecialFunctions: zeta
f(z) = 1/ zeta(llz)

r = approximate (f, unit_circle)
poleplot (r)

The poles of the resulting interpolant of degree 21 are shown in
Figure 7. The maximum error in the approximation on the cir-
cle is about 1.2 x 1012, The ComplexRegions package defines a
Shapes module with other predefined curves, as well as functions
interior and exterior that can be used to create SimplyCon-
nectedRegion objects.
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Fig. 6: Top: Nonuniform error is produced by the AAA iteration, which
uses a least-squares criterion. Bottom: After Lawson-style iterations, the
error can be made nearly uniform across the interval.

Im(z)

04 o o o o

Re(z)

Fig. 7: Poles of a rational interpolant of f(z) = 1/¢(11z) on the unit circle.

Code 11: Approximation on an exterior domain.

£f(z) = coth(1/z"3)
r = approximate (f, exterior (Shapes.squircle))
poleplot (r)

The resulting plot is given in Figure 8.

If prior knowledge of the singularity structure is available, we can
use the partial fraction representation and solve a linear problem
without iteration. For example, suppose we return to the log func-
tion in Code 2 and extract the poles from a rational interpolant. We
can use the same poles to approximate a different function with the
same branch point:

Code 12: Partial fraction approximation of log(1 + i + 5iz).

£f(z) = log(l + 1im + 5im*z)

r = approximate (f, unit_interval)

¢ = poles(r)

g(z) = sqrt(1 + 1im + Bimx*z)

s = approximate (g, unit_interval, (; degree=20)
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Fig. 8: Poles of a rational approximation of coth(z~2) in the exterior of a
squircle.

The resulting approximation reports an error of size 5.3 x 1071° at
its test points.

5. Future work

It should be possible to implement operations on the rational func-
tion types to enable basic arithmetic, composition, differentiation,
and integration, in the style of Chebfun [6] and ApproxFun [20].
A systematic comparison of the AAA and Thiele methods is also
needed, as well as a more complete understanding of the stabil-
ity of the Thiele method. Least-squares approximations with pre-
scribed poles have been fruitful in the solution of Laplace and re-
lated PDE:s [S5, 9, 8], which requires imposing conditions other than
direct approximation of a known function.
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