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ABSTRACT

We design and implement GraphLab. j1, a Julia package fa-
cilitating the study, experimentation, and research of graph parti-
tioning. GraphLab. j1 explores the principles and trade-offs of
partitioning algorithms. It offers a set of methods, including coordi-
nate, inertial, and spectral bisection, random spheres, space-filling
curves, and nested dissection, with support for recursive partition-
ing. The package includes routines for generating adjacency matri-
ces, computing partition quality metrics, benchmarking problems,
and visualizing partitioned graphs.
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1. Introduction

Graph partitioning is a fundamental problem with wide-ranging
applications in computational biology, high-performance comput-
ing, and distributed systems, among many other domains [3]. Par-
titioning large graphs into loosely connected subsets of roughly
equal size promotes parallel execution, reduces communication
overhead, and provides insights into the structure of complex net-
works [6].

We contribute to the Julia ecosystem of graph algorithms with
GraphLab. j1, a package designed to facilitate the study, experi-
mentation, and research of graph partitioning. Similar to existing
toolboxes such as meshpart [15] in MATLAB, and CDLIB [27] in
Python, which focuses on community detection, GraphLab. j1
aims to offer a framework for graph partitioning in Julia. A di-
verse set of partitioning algorithms are implemented in the intro-
duced package, including coordinate [31], inertial [[12], and spectral
bisection [13} 31]], random spheres [[16]], space-filling curves [29],
and nested dissection [14]. These methods can be applied re-
cursively for hierarchical partitioning or fill-in reducing strate-
gies. GraphLab. j1 also provides routines for generating adjacency
matrices based on coordinate systems, computing partition qual-
ity metrics, benchmarking problems, and visualizing partitioned
graphs.

The paper is structured as follows. Section 2] provides a brief back-
ground on graph partitioning, followed by an overview of the fun-
damental implemented partitioning algorithms in Section [3] Sec-
tion [ introduces our framework, detailing its capabilities in graph
creation, partitioning, benchmarking and visualization. Installation
and usage demonstrations are presented in Section 5] and we con-
clude with a summary and directions for future work in Section [0}

2. Background on graph partitioning

Consider a mesh consisting of eight cells, as illustrated in Figure[T]
If data exchange occurs only between adjacent cells, the mesh can
be represented as a dependency graph. To partition the mesh into
two domains suitable for parallel processing, the objective is to di-
vide it into two parts of roughly equal size, while minimizing the
number of edges connecting them. This corresponds to partitioning
the original graph into two complementary subgraphs, that have an
almost equal number of vertices and a minimum number of inter-
connecting edges between them.

(a) (b)
Fig. 1: Mesh example consisting of 8 cells (a) and the corresponding depen-
dency graph (b).

Finding an optimal solution is NP-hard for this bisection problem,
making the exact computation intractable for large instances [3]]. In
the following, we formalize the graph partitioning problem and in-
troduce bisection algorithms. Here, bisection specifically refers to
partitioning the graph into two subgraphs. A general partitioning
into p = 2! sub-graphs, where [ denotes the number of recursive
bisection levels, can then be obtained recursively by applying a bi-
section method iteratively.

Let G = (V,€) be an undirected graph with a vertex set V =
{v1,...,v,} where each vertex v; represents an element or entity
in the problem domain, and an edge set £ where eachedge e; ; € £
represents a symmetric relation between two distinct vertices v;
and v;, meaning that e; ; € &£ implies e; ; € &£, and no self-loops
exist, i.e., e; ; ¢ £. Graphs satisfying these properties are formally
referred to as simple and undirected.

The adjacency matrix A € R™*™ of the graph captures the connec-
tivity among its vertices, with the entry A;; defined as:

a;j, ife;; €&
A = 05 .7 5 1
* {0, otherwise. @

Here, a;; represents the weight of the edge e; ;, which is a non-
negative real-valued number indicating the strength of the con-
nection between vertices v; and v;. In unweighted graphs, a;;
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simplifies to 1 for all connected pairs. For the simple undirected
graphs considered here, the adjacency matrix is symmetric, satisfy-
ing a;; = aj; = 1 with a zero diagonal, i.e., a;; = 0. The degree
of a vertex v;, denoted as d; = Z;L a;;, represents the sum of the
weights of edges incident to v;. In unweighted graphs, d; reduces to
the number of edges connecting v;, effectively counting its adjacent
neighbors. The degree matrix D € R™*™ is defined as a diagonal
matrix, where the diagonal entries correspond to the degrees of all
vertices dy, ..., dy.

As an example, for the mesh and the corresponding graph depicted
in Figure |1} the adjacency matrix A and the degree matrix D are
given as follows:

1 1 2

1 1

We refer the reader to [2]] for a detailed overview of commonly used
matrices and objectives functions in graph partitioning.

3. Overview of implemented partitioning algorithms

This section provides an overview of the partitioning algorithms
implemented in the framework, detailing their underlying princi-
ples. Through illustrative examples and visual representations, we
highlight the behavior of each algorithm.

3.1 Geometric-based partitioning algorithms

This class of bisection algorithms operates under the assumption
that the geometric layout of the graph is known. These algorithms
exploit spatial information of the vertices to guide the partition-
ing process, aiming to minimize edge cuts while preserving ge-
ometric coherence [16]. This approach is particularly well suited
for applications where the graph structure arises from physical
systems, such as finite element meshes in numerical computing,
where the underlying geometry directly influences computational
efficiency [5]]. Unless stated otherwise, all function calls presented
in this section take as input a graph adjacency matrix A and a node
coordinate matrix coords, and return a vector assigning each node
to partition 1 or 2.

3.1.1 Coordinate bisection. Coordinate bisection seeks a hyper-
plane orthogonal to one of the coordinate axes that partitions the
graph’s vertices into two subsets of approximately equal size while
minimizing the edge cut. The algorithm computes the median z; of
each coordinate x;, dividing all graph vertices into two groups: one
containing vertices with z; < Z; and the other z; > Z;. The edge
cut is then evaluated for each coordinate axis, and the partitioning is
performed along the axis that yields the smallest edge cut. This pro-
cess in a d-dimensional space is summarized in Algorithm [I] with
a two-dimensional example illustrated in Figure 2] The complex-
ity of coordinate bisection is O(d(n + m)) when using linear-time
median selection or O(d(nlogn + m)) with sorting-based medi-
ans [[7], where n is the number of vertices, and m the number of
edges.

The coordinate bisection method in GraphLab. j1 can be invoked
using the following command:
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(a) (b)
Fig. 2: Bisection of the graph along the x1-axis, resulting in a 4-edge cut
(left), and along the x2-axis, resulting in 8-edge cut (right). The x1-axis
bisection is selected.

Algorithm 1 Coordinate bisection.

Require: Graph G = (V, ), points P; = (21, ...,Z4);
Ensure: A bisection of G into V; and Vs
1: function COORDINATE_PART(graph G, points P;)

2: Initialize ¢y — 00, J* 1
3 for each axisz;,j =1,...,d do
4 Compute the median Z;
5: Compute the edge cut c; for the bisection at Z;
6 if ¢c; < cmin then
7 Cmin < Cj
8: 753
9: end if
10: end for
11: Partition V into V; and V; via Z ;- bisection

12: return Vi, Vs
13: end function

GraphLab.part_coordinate(A, coords)

The coordinate bisection algorithm is computationally efficient and
conceptually simple. However, its effectiveness is strongly influ-
enced by the choice of coordinate system. A mere rotation of the
coordinate axes can lead to significantly different partitioning re-
sults, as the algorithm strictly aligns the division with the coordi-
nate axes. This sensitivity may lead to suboptimal partitions, partic-
ularly in cases where the problem geometry is not naturally aligned
with the axes.

3.1.2  Inertial bisection. The inertial bisection mitigates the axis-
alignment limitation of coordinate bisection by allowing the divid-
ing hyperplane to be orthogonal to a direction determined by the
distribution of vertices rather than a fixed coordinate axis. Physi-
cally, this direction corresponds to the axis of minimal rotational
inertia [[10]], ensuring that partitioning is guided by the intrinsic ge-
ometry of the data rather than an arbitrary reference frame.

In two dimensions, the dividing hyperplane is represented by a line
[ that minimizes the sum of squared distances from the vertices to
the line. The algorithm first determines the center of mass of the
vertex set,

_ 1 & 1 —
P=(z,7 h T=— o= . 2
(%,y), where =z n;:lxu ] ”;:1% 2

It then defines a unit direction vector u = [uy,uz]T, such that
[lull2 = /u? + u2 = 1. The parametric equation of the bisecting
line is given by [(\) = {P + Au | A € R}.

To determine the optimal orientation of the bisecting hyperplane,
the unit direction vector u is chosen to minimize the sum of the
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Fig. 3: Illustration of the inertial bisection in 2D: dividing the graph along
the line orthogonal to the direction u through the center of mass P that
minimizes the sum of squared distances.

squared distances from the vertices to the line. In the case of a two-
dimensional graph embedding, this reads:

n

Sodz =3 (@ -2+ (-9

i=1

~ (s = 2) + ua(ys — 9))’]
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Here, M is a symmetric matrix, and its smallest eigenvalue corre-
sponds to the minimal sum of the squared distances. Consequently,
the optimal direction vector u is given by the normalized eigenvec-
tor associated with the smallest eigenvalue of M [10]. This choice
aligns the projection line with the principal axis of greatest vari-
ance. Equivalently, the separating line orthogonal to the projection
line is aligned with the direction of least variance. The inertial bi-
section runs in time O(nd+m+d?), which simplifies to O(n+m)
in fixed spatial dimension.

Algorithm 2 Inertial bisection.

Require: Graph G = (V, ), points P; = (z1,...,%4);
Ensure: A bisection of G into V; and Vs,

1: function INERTIAL_PART(graph G, points F;)

2 Calculate the center of mass P

3 Compute eigenvec. associated with smallest eigenval. of M
4: Partition the vertices V' around the line [
5 return V;, Vs
6: end function

To perform inertial bisection with GraphLab. j1 on a graph, use:

GraphLab.part_inertial(A, coords)
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Fig. 4: Random sphere partitioning:l thé 2D coordinates of meshiel 9] are
normalized and stereographically lifted to the sphere S C R3, where a
centerpoint c is computed and mapped to the origin via a conformal trans-
formation. A direction u defining a circle separator (shown in red) is then
selected, partitioning the spherical embedding. The resulting partition is
projected onto the original layout.

3.1.3 Random sphere bisection. The random sphere method [16]
partitions a graph by exploiting spatial information of the ver-
tices to identify separators. Unlike axis-aligned or inertia-based ap-
proaches, it employs randomized geometric projections to discover
low-cut partitions.

Given vertex coordinates P; = (x1,...,zq4);, the algorithm first
computes the center of mass P and normalizes the coordinates as

R Sk i @
max; | P; — P|

so that the distribution is centered at the origin and confined within
a unit-scale region. Each normalized point P, is then mapped to
the unit sphere, Z; € 8¢ C R4, via stereographic projection.
Each spherical center point c is computed as the coordinate-wise
median of a randomly sampled subset of vertices, and then mapped
to a sphere centered at the origin of the axes through a conformal
transformation.
To identify separators, we use a total number of trials ntrials,
following the strategy used in Meshpart [[15]]. This number of tri-
als is divided into (i) nnes random linear cuts in the original Eu-
clidean space, (ii) nouter random spherical center points, and (iii)
Ninner random directions tested for each center point. For each
Nouter transformed configuration, n;,,e, random unit directions
are sampled, and a candidate spherical cut is generated as

Vi ={i|(Z;,u) <0}, Vo={il|(Z;u) >0}, )

The corresponding edge cut is evaluated, and the partition with the
smallest cut is selected. In addition to spherical separators, the al-
gorithm also considers nj;,es random linear cuts in the original Eu-
clidean space, defined by hyperplanes orthogonal to random direc-
tions and positioned at the median projected vertex coordinates.
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The final output is the spherical or linear bisection minimizing the
total edge cut.

The random sphere bisection runs in O(nyia1s(nd + m)), which
for fixed d and a5 reduces to O(n + m). It is described in Al-
gorithm 3]and can be applied with:

GraphLab.part_randsphere(A, coords; ntrials)

A geometric illustration of the random sphere bisection procedure,
applied to 2-dimensional input coordinates and visualized on the
sphere S? C R?, is provided in Figure 4]

Algorithm 3 Random sphere bisection.

Require: Graph G = (V, &), points P; = (x4, ...
budget Nirials
Ensure: A bisection of GG into V; and Vs
1: function RANDOM_SPHERE_PART(G, P;, Nirials)
2 Spht Mtrials into TMouters Minners and Nlines

,Xq)q, trial

3: Calculate the center of mass P
4: Normalize P; — P, = (P; — P)/ max; |P; — P|
5: Project each P, onto the unit sphere P, = Z, e8¢
6: fork=1,...,nouter do
7: Compute a center point ¢ from a random subset of Z
8: Apply conformal map to move c to the origin
9: forl=1,..., Nipner do
10: Sample a random unit direction
11: V1<—’L‘<Z“U>§O, Vg%i‘(Zi,U>>0
12: Select V1, Vs, with the smallest edge cut
13: end for
14: end for
15: Generate and evaluate ny;,es random linear cuts
16: Retain best bisection among spherical and linear candidates

17: return V;, Vs
18: end function

3.1.4 Adaptive space-filling curves. Space-filling curves (SFCs)
provide a continuous, one-dimensional traversal of multidimen-
sional space that preserves spatial locality. In the context of par-
titioning, SFCs induce a linear ordering of the vertices, which can
be split into balanced and spatially coherent subregions. We imple-
ment an adaptive SFC traversal over a hierarchical spatial decom-
position to generate partitions that reflect the geometric structure of
the input graph [29,130].

Let P, = (x;,y;) € R? denotes the coordinates of vertex i. The
method first constructs a 2-dimensional k-d tree on the vertex co-
ordinates. This is a binary spatial hierarchy that recursively sub-
divides the domain along axis-aligned hyperplanes. At each node,
the splitting axis is chosen as the coordinate direction of maximum
spatial extent, and the points are divided at the median along that
axis until each leaf contains a single vertex. This maximum-extent
rule is similar to that used in coordinate bisection (Section |3././)),
but here it is used only to build the adaptive spatial hierarchy.
Once the tree is built, an SFC traversal induces a linear order of
the leaves by visiting spatial regions in a directionally consistent,
locality-preserving manner. At each recursive step, the traversal
maintains entry and exit directions that specify how the curve enters
and leaves a region, ensuring a continuous path between adjacent
subregions. The vertices associated with the leaves are collected in
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Fig. 5: The adaptive space-filling curve (SFC) partitioning process begins
with the recursive spatial subdivision of the input domain (a), followed by
the construction of the corresponding k-d tree (b). Then, a direction-aware
recursive traversal defines a linear ordering of the leaf nodes (c). In this
example, the resulting order is v3 — vo — v4 — v5 — v7 — Vg —
ve — V1.

traversal order, producing a one-dimensional sequence. This pro-
cess is illustrated in Figure[3}

The resulting sequence is then partitioned into p contiguous seg-
ments of approximately equal size. A key advantage of this ap-
proach is that, once the traversal is computed, partitioning into any
prescribed number of parts becomes a simple post-processing step
on the ordered node list. This contrasts with recursive coordinate
bisection, which generates multiple parts by repeatedly applying
graph bisection to subgraphs.

This method is purely geometric, it does not explicitly use graph
edges. Instead, it relies on the heuristic assumption that vertices
that are close in the geometric embedding are likely to be strongly
connected in the graph [10,116].

In our implementation, the median split yields O(logn) recursion
levels. At each level, the active subsets are sorted to select the me-
dian, giving a total tree-construction cost of O(n log? n) [34]. Once
the hierarchy is built, the adaptive SFC traversal visits the con-
structed tree once, and the final partitioning of the ordered vertex
list is linear in n.

Adaptive space-filling curve partitioning in GraphLab. j1 is in-
voked as follows, with an optional argument p specifying the num-
ber of partitions:

GraphLab.part_adaptive_sfc(A, coords, p)

3.2 Non-geometric-based partitioning algorithms

Geometric-based partitioning algorithms rely on the premise that
the graph’s vertices exhibit a spatial relationship, a condition that
does not hold in all contexts, such as social [24] or biological [1]
networks.
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Algorithm 4 Adaptive Space-Filling Curve Partitioning.

Require: Graph G = (V, &), points P, = (x1,x3);, number of
parts p
Ensure: A partition of G into p parts
1: function ADAPTIVE_SFC_PARTITION(graph G, points P;, p)
2: Build spatial tree T' <— BUILD_TREE(F;)

3: Traverse 1': order < TRAVERSE_SFC(T, L, R, a)
4: Partition the linear order into p balanced parts

5: return the p partitions of V

6: end function

7: function BUILD_TREE(points P;)

8: if |P;| = 1 then

9: return leaf node containing P;
10: else
11: Compute bounding box of P;

12: Select split axis
13: Divide P; at the median into two subsets P~, PT
14: Node N + BUILD_TREE(P™)
15: Node Nyign <~ BUILD_TREE(P™)
16: return node with Nier; and Nijgn as children
17: end if

18: end function
19: function TRAVERSE_SFC(node IV, entry, exit, accumulator a)
20: if IV is a leaf then

21: Append N to a

22: exit < coord. of N

23: return exit

24: else

25: Determine child order based on SFC rules
26: for each child in order do

27: Recursively traverse child with updated entry/exit
28: end for

29: if NV is a the root then

30: return a

31: else

32: return exit

33: end if

34: end if

35: end function

To accommodate a broader range of applications, alternative algo-
rithms that do not rely on geometric information have been devel-
oped. Notable examples include the Kernighan-Lin [19]] and graph-
growing algorithms [18], both well suited for partitioning graphs
lacking explicit spatial structure. Among these, spectral bisection
leverages the eigenvalues and eigenvectors of the graph Lapla-
cian matrix to inform partitioning decision [13]]. In this subsec-
tion, we focus on the implementation and application of spectral bi-
section, detailing its computational properties and advantages over
geometry-dependent algorithms.

3.2.1 Spectral bisection. The spectral bisection algorithm parti-
tions a graph by leveraging the eigenvector corresponding to the
second-smallest eigenvalue, commonly known as the Fiedler vec-
tor, of the graph’s Laplacian matrix L. The combinatorial graph
Laplacian matrix is defined as L = D — A, where D is the degree
and A is the adjacency matrix. The graph Laplacian L is a sym-
metric, positive semi-definite matrix, which admits an orthonormal
basis of eigenvectors u'?) with corresponding nonnegative eigen-
values A(Y) > 0. The smallest eigenvalue is A(Y) = 0, and its as-
sociated eigenvector u()) = ¢1, where ¢ is a constant and 1 the
all one’s vector corresponding to the trivial solution, in which all
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vertices of a connected graph belong to a single connected com-
ponent. The eigenvector u(? associated with the second-smallest
eigenvalue MA@ known as the Fiedler vector [13], provides a one-
dimensional embedding of the graph that reflects its connectivity
structure, as illustrated in Figure [6] Each vertex v; is assigned

the scalar value uf), and vertices with similar values tend to be
more tightly connected within the graph. A bisection is obtained

by thresholding u(®:
Vi={v|u® <d, Vo={v|u?>e,  ©

where € = 0 yields a cut that approximately minimizes the edge
weight between subsets, and ¢ = median (u§2), .. ,uf)) en-
forces a balanced partition. Spectral bisection is dominated by
the Fiedler vector computation. Forming the Laplacian from a
given graph costs O(n + m) [25], while ARPACK’s Lanczos
method [22} 20] extracts the second eigenpair in O(m¢t) time [17],
where ¢ is the number of iterations. Thus the total complexity is
O(mt), with all other operations linear. The spectral algorithm,
outlined in Algorithm[3] can be executed with:

=-.
. Le=®
,°

(2) 7
u i /
P N
z
./ Mapping onto
R4 original graph
34
-
i > 2 2 2
Fig. 6: Visualizing the sorted Fiedler values u(1 ) < u(2 )<< u% >,

where each entry uEQ) corresponds to the vertex assigned to position 4 in

the ordering (left), and their mapping to the resulting graph partition (right)
obtained by thresholding u® at a value ¢, set to 0 or the median.

Algorithm 5 Spectral bisection.

Require: Graph G = (V, &)
Ensure: A bisection of G into V; and V,
1: function SPECTRAL_PART(graph G)
2: Form the Laplacian matrix L
3 Compute the 2nd smallest eigenval. A(?) and eigenvec. u(?
4: Set 0 or the median of u(® as threshold ¢
5: SetVy :=={v, € V|u; <e}p, Vo :={v; €V ]u; >e€}
6
7:

return Vi, Vs
end function

GraphLab.part_spectral(A)

Its sole input is the adjacency matrix A and its output a vector as-
signing each node to partition 1 or 2.

3.3 Hybrid partitioning algorithms

Combining the random sphere bisection and the spectral partition-
ing described in [3.7.3]and [3.2.]] hybrid bisection extends spectral
methods with a geometric layer to enhance partitioning quality, par-
ticularly in graphs with an underlying spatial structure. It begins by
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Fig. 7: Spectral embedding and lrandom sphere partitioning: the
airfoill [9] graph is first embedded into a 2-dimensional spectral space
using the eigenvectors associated with the second and third smallest eigen-
values of the graph Laplacian. A separator (shown in red) is then selected
using the randomized sphere method and mapped back onto original graph.

computing a spectral embedding of the graph, where each vertex v;
is mapped to a point

z; = (uf%...,ug’““)) € R, %)

using the first k nontrivial eigenvectors of the Laplacian matrix.
This embedding encodes the global connectivity structure of the
graph in a low-dimensional space, where geometric separations of
the embedded points with the random sphere method lead to sparse
graph cuts. This process performs a geometric search over separa-
tors, guided by the spectral structure of the graph. The figure Fig-
ure [7] illustrates the case with k = 2, where the embedding uses
the first two non-trivial Laplacian eigenvectors. The hybrid method
leverages the algebraic properties of spectral embeddings and ef-
fectiveness of random sphere cuts to generate balanced and spa-
tially localized partitions. It’s overall complexity is dominated by
the spectral stage, O(mity,) for sparse graphs, where ¢, is the num-
ber of Lanczos iterations required to compute k nontrivial eigen-
vectors.

Geometric spectral partitioning in GraphLab. j1 can be executed
with:

GraphLab.part_geospectral (A; ev=d)

In addition to the adjacency matrix A, it optionally accepts ev =
d, i.e., the number of nontrivial Laplacian eigenvectors to use for
embedding (default: 2).

3.4 Recursive bisection and nested dissection

Recursive bisection and nested dissection are techniques that rely
on recursively splitting a graph into smaller subgraphs. While re-
cursive bisection is primarily used to generate multiple balanced
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partitions, nested dissection applies a recursive strategy to reduce
fill-in during sparse matrix factorization [[14]. This section outlines
both methods and their respective algorithmic formulations.

3.4.1 Recursive bisection. A straightforward and effective strat-
egy for partitioning a graph into p = 29 parts, where q is a positive
integer, is recursive bisection, as presented in Algorithm [6] This
algorithm iteratively applies graph bisection, progressively subdi-
viding the graph into smaller subgraphs. In GraphLab. j1, recur-
sive bisection can be used with any of the bisection algorithms pre-
sented in Sections [3.1] and 32} At the special case p = 2, recur-
sive bisection reduces to a single application of the chosen bisec-
tion method. The algorithm is built around a recursive function,
Recursion, which takes as inputs:

— (’, the current subgraph to be partitioned,

— p/, the number of partitions into which C’ will be further divided,
and

— idx, an integer tracking the position of the first part of C’ in the
final partitioning results.

At each recursive step, if p’ > 1, the subgraph C’ is bisected into
two approximately balanced parts. The process continues until the
desired number of partitions, p = 29, is obtained. The total cost
is O(Thisect (2, m) log p), where Thisect (2, ) is the cost of a single
bisection method. This recursive strategy results in a structured,
hierarchical decomposition of the graph, making it particularly well
suited for load balancing and for reducing communication overhead
in parallel finite element and finite difference implementations [32].

Algorithm 6 Recursive bisection.

Require: Graph G = (V, ), integer g

Ensure: A p-way partition G, of G, where p = 29
1: function REC_BISECTION(graph G, integer q)
2: p=219

3 Initialize G, = {C1,...,Cp}

4 function RECURSION(C', p/, idx)

5: if p’ > 1 then

6: (C1,C%) <BISECTION(C")

7 RECURSION(C, p'/2, idx)

8: RECURSION(CY, p'/2, idx + p'/2)

9: else

10: Cidx «—
11: end if

12: end function

13: RECURSION(G, p, 1)
14: return G,

15: end function

GraphLab. j1 provides a recursive interface for all partitioning al-
gorithms described in Section 3} which can be invoked with:

GraphLab.recursive_bisection(method, k,
A, coords)

Here, method is any partitioning function available in the package,
k is the desired number of partitions (automatically rounded up to
the nearest power of two if needed), A is the graph’s adjacency ma-
trix, and coords is an optional argument (default: nothing) used
only for coordinate-based methods. The function returns a vector
assigning each node a label from 1 to k, indicating its partition
membership.
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3.4.2 Nested dissection. The nested dissection ordering algo-
rithm is a multilevel heuristic designed to minimize fill-in, i.e., the
creation of nonzero entries during sparse matrix factorizations [[14].
It recursively partitions a graph G through the identification of
balanced vertex separators, which are removed to decompose G
into disconnected components. The same procedure is then ap-
plied recursively to each subgraph. Unlike standard recursive bi-
section, which directly bisects the graph into two parts, nested dis-
section introduces an intermediate step: the explicit computation
of a node separator whose removal divides the problem into in-
dependent subproblems. To compute the separator, border vertices
are first identified between the two subdomains resulting from the
initial bisection. These vertices induce a bipartite graph, in which
edges represent adjacency across the partition boundary. A max-
imum matching is then computed on this bipartite graph and a
minimum vertex cover can be derived from it [4, [33]], providing
an efficient approximation of a small separator. The selected sepa-
rator vertices are removed, and the nested dissection proceeds re-
cursively on the resulting components. The final ordering 7 places
all separator vertices after the recursively ordered interior vertices,
yielding a global vertex ordering that reveals a hierarchical block
structure in the reordered matrix. The complexity of nested dissec-
tion is O(Thisect(n, M) log n), where Thisect (12, M) denotes the cost
of a single graph bisection. The overall process is outlined in Algo-
rithm[7]

This strategy is widely used in the symbolic factorization phase
of sparse direct solvers, where it facilitates the construction of
efficient elimination trees and reduces both fill-in and memory
overhead during numerical factorization [3]]. Nested dissection can
be implemented using the partitioning methods presented in Sec-
tion [3.1] and Section [3.2] for computing the node separator. Fig-
ure (8] illustrates how different separator methods permute the ad-
jacency matrix into a hierarchy of interior and separator blocks,
yielding distinctive banded or clustered nonzero patterns. The dif-
ferences between the separator methods are reflected in the number
of nonzero entries in the Cholesky factor [14].

Algorithm 7 Nested dissection ordering.

Require: Adj. matrix A, partitioning METHOD, minimum separa-
tor size minsep
Ensure: Permutation vector 7 s.t. A[m, 7] has reduced fill-in
1: function NESTED_DIS(A, METHOD, coords (opt.), minsep)

2: Identitfy connected components of A
3: Initialize permutation vector 7
4 for each component C' do
5: if |C| < minsep then
6: Apply minimum degree ordering on A[C, C]
7 else
8 Bisect C' — C1, Cy via METHOD
9: Identify separator nodes between C; and Cy
10: Recursively compute orderings:
11: m < NESTED_DIS(A[C1, C1)])
12: o 4+ NESTED_DIS(A[Cy, Cs])
13: Combine 7o « [m1, 72, separator]
14: end if
15: Insert 7 into global permutation 7
16: end for
17: return

18: end function

The nested dissection provided by GraphLab. j1 is called using:
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ux : see sty % B e
J J
(a) Original adjacency, Cholesky (b) Coordinate bisection, Cholesky

nnz = 93892 nnz = 89566

(c) Inertial bisection, Cholesky
nnz = 89653

(d) Spectral bisection, Cholesky

nnz = 89110
Fig. 8: Comparison of the (a) original adjacency matrix of the 3elt [9]
graph against three nested dissection reoderings obtained using (b) coor-
dinate, (c) inertial, and (d) spectral-based separators. Number of nonzeros
(nnz) in the Cholesky factor are reported in the subcaptions.

GraphLab.nested_dissection (A, method;
coords, minsep=5)

The inputs are the adjacency matrix A, any partitioning method
from GraphLab. j1, and the node coordinates coords if required
by the partitioner. An optional argument minsep specifies the min-
imum separator size (default: 5). The output is a permutation vector
representing the nested dissection ordering.

4. Framework and tools for graph bisection

GraphLab. j1 provides a framework for graph partitioning that
consists of the following core modules:

(1) Graph creation: Generating graphs with node positions de-
fined by coordinate systems.

(2) Graph partitioning: Implementing the recursive bisection
methods detailed in Section[3]

(3) Benchmarking: Measuring and comparing algorithm perfor-
mance according to graph cut criteria.

(4) Visualization: Visualizing graphs and their partitions to facil-
itate analysis and comparison.
4.1 Graph creation

Graphs can either be synthetically generated or loaded from ex-
ternal files. Synthetic graphs are typically generated as n x m
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grids with a rotation of 6 radians. Alternatively, users can up-
load a .mat file with an adjacency matrix and optional coor-
dinates, or a .csv file with coordinates only, from which the
adjacency matrix is constructed using k-nearest neighbors using
NearestNeighbors. jlﬂ with a default number of 5 neighbors.
The file parsing and data loading are handled by the external pack-

ages MAT. j1P|and csv. j1f]

4.2 Benchmarking

The framework includes two example scripts, provided in the
examples directory of the GraphLab. j1 package, that benchmark
the implemented graph partitioning methods in terms of edge, ratio,
and normalized cut, and in terms of node balance ratio. The edge
cut measures the number of edges crossing between partitions. For
a k-way partitiong V1, ..., Vy, it is defined as cut(Vy, ..., V) =
|{(u,v) € E:u € V;,v € V;,i # j}|. The balance ratio quanti-
fies the distribution of vertices among partitions. Let n be the total
number of vertices, k the number of partitions, and |V;| the size
of partition V;. The ideal partition size is n/k, and the node bal-

max; |V;|

oY A perfectly balanced par-

titioning results in bal = 1, while larger values indicate increas-
ing imbalance. To evaluate both separation quality and partition
balance, two common normalized metrics are used. The Normal-

ized Cut is defined as NCut = 3% | %ﬁ)?), where vol(V;) =

Zuevi deg(v) and V; denotes the complement of V; in V), i..,
V; = V\ V;. The Ratio Cut is defined as RCut = Zk cut(Vi Vi)

i=1 ‘Vi |
Both metrics penalize unbalanced partitions and favor cuts that cor-
respond to sparse inter-partition connections in the graph. The pro-

vided benchmarking example scripts are:

ance ratio is defined as bal =

(1) ex1.jl: Benchmarks multiple bisection methods across a set
of mesh inputs from the university of Florida sparse matrix col-
lection [9]. For each method and mesh, it computes the edge
cut, normalized cut, and ratio cut. As shown in Table |I|, no sin-
gle bisection strategy is consistently best across all considered
meshes.

(2) ex2.jl: Benchmarks recursive bisection. The graph is recur-
sively partitioned into p = 8 and p = 16 subdomains using
a given base bisection method. Edge cut and node balance are
recorded for each case.

4.3 Visualization

To visualize graph partitions, the adjacency matrix A, the ver-
tex coordinates, and the corresponding partitioning are required.
GraphLab. j1 integrates several Julia packages to support this
process. Our visualization routine utilizes the edge-drawing logic
from the visualization code available in the SGtSNEpi. j1 reposi-
tory [26]. Graphs. j1 [11] supplies fundamental graph operations
and data structures for computations on the partitioned graphs, and
Makie. j1 [8] enables the creation of customizable plots with visu-
ally distinct color palettes from Colors. j 1El

[lustrations of selected bipartitioning and recursive bisection re-
sults are offered in Figure[D]and Figure[T0] respectively.

'https://github.com/KristofferC/NearestNeighbors.jl
2https://github.com/Julial0/MAT.j1
Shttps://github.com/JuliaData/CSV. j1
4https://juliagraphics.github.io/Colors.jl
Shttps://github.com/lechekhabm/GraphLab.jl/tree/main/
examples/meshes
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(a) Coordinate bisection, RCut = 0.09

(b) Inertial bisection, RCut = 0.09

(c) Spectral bisection, RCut = 0.12 (d) Bisection using METIS, RCut = 0.07
Fig. 9: Visualization of four graph bisection methods applied to the
airfoill mesh (4253 nodes and 12289 edges) [9], illustrating the differ-
ent partitioning results and the associated ratio cut.

(a) Recursive coordinate bisection,
RCut=6.15

(b) Recursive inertial bisection,
RCut=5.93

(c) Recursive spectral bisection, (d) Recursive METIS bisection,
RCut =5.39 RCut = 5.01
Fig. 10: Comparison of four graph recursive bisection methods applied to
the Swiss_graplﬂ (4468 nodes and 15230 edges), illustrating differences
in the 16-way recursive partitioning and the associated ratio cut.

5. Installation and demonstration

To install the package from GitHutﬂ and integrate it into the work-
ing environment, the following steps are required:

(1) Add GraphLab. j1 to the project using the Julia command:

using Pkg
Pkg.add (url="https://github.com/lechekhabm/GraphLab.jl")

Shttps://github.com/lechekhabm/GraphLab. j1


https://github.com/KristofferC/NearestNeighbors.jl
https://github.com/JuliaIO/MAT.jl
https://github.com/JuliaData/CSV.jl
https://juliagraphics.github.io/Colors.jl
https://github.com/lechekhabm/GraphLab.jl/tree/main/examples/meshes
https://github.com/lechekhabm/GraphLab.jl/tree/main/examples/meshes
https://github.com/lechekhabm/GraphLab.jl
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Table 1. : Edge cuts (EC), normalized cuts (NC), and ratio cuts (RC) for each method and mesh.

Mesh Coordinate Inertial Random sphere Adaptive SFC Spectral Geo+Spectral
EC NC RC| EC NC RC|EC NC RC|EC NC RC|EC NC RC|EC NC RC
3elt 172 0.03 0.15 | 209 0.03 0.18 | 101 0.02 0.09 | 224 0.03 0.19 | 117 0.02 0.10 | 117 0.02 0.10
airfoill 94 0.02 0.09 94 0.02 0.09 93  0.02 0.09 98 0.02 0.09 | 132 0.02 0.12 | 132 0.02 0.12
barth4 206 0.02 0.14 | 194 0.02 0.13 | 130 001 0.09 | 208 0.02 0.14 | 127 0.01 0.08 | 127 0.01 0.08
crack 323 002 0.13|377 003 0.15|274 002 O0.I1 | 353 002 0.14 | 233 0.02 009 | 233 0.02 0.09
meshiel 18 024 150 19 025 158 17 024 150 18 024 150 18 024 150 18 024 150
mesh2el 37 0.07 048 47 0.09 0.61 35 0.07 046 | 40 0.08 0.52 35 0.07 046 35 0.07 046
mesh3el 17 0.05 024 32 0.09 044 18 0.06 0.25 21 0.06 0.29 30 0.09 042 20 0.05 0.36
mesh3emb 17 0.05 0.24 32 0.09 044 18 0.06 0.25 21 0.06 0.29 18  0.05 0.25 19 0.05 0.25
netz4504_dual 25 0.04 0.16 30 0.05 020 24 0.04 0.15 25 0.04 0.16 23 0.04 0.15 23 0.04 0.15
stufe 16 0.02 0.06 16 0.02 0.06 16 0.02 0.06 16 0.02 0.06 16 0.02 0.06 16 0.02 0.06
ukerbel 27 0.0l 0.02 28 0.01 0.02 37 0.0l 0.02 34 0.01 0.02 29 0.01 0.02 28 0.01 0.02

(2) As a basic example for graph partitioning, the adjacency
matrix A and vertex coordinates are first constructed from the
input data. Here, we generate a synthetic 10 x 50 rectangular
grid graph rotated by an angle of 7/3 radians. Spectral
bisection is then applied to compute the partition p, followed
by visualizing and exporting the figure of the partitioned
graph. The process is executed with the following commands:

using GraphLab

A, coords =GraphLab.grid_graph(10, 50,
p =GraphLab.part_spectral(A)
GraphLab.draw_graph(A, coords, p, file_name="test.png")

/3)

Further details about the package and its functionalities are avail-
able at the project’s Git repository.

6. Conclusion and future works

In this work, we have presented GraphLab. jl1, a framework for
graph partitioning designed to support research and education in
graph theory and partitioning problems. It incorporates fundamen-
tal partitioning methods, such as coordinate, inertial, and spec-
tral bisection, as well as random spheres, space-filling curves, and
nested dissection. It additionally offers utilities for visualization,
benchmarking, and partition quality assessment, in an effort to pro-
vide a unified environment for analyzing and comparing graph par-
titioning algorithms. Ongoing developments aim to broaden the
framework’s capabilities with implementations of additional parti-
tioning techniques, of multilevel methods [21} 28], and by enabling
parallel execution [23]], particularly in the recursive implementation
of geometric-based algorithms.
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