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ABSTRACT

ExponentialFamilyManifolds. j1 implements exponential
family natural parameter spaces as Riemannian manifolds, en-
abling geometric optimization over probability distributions. The
package automatically manages parameter constraints, such as en-
suring the positive definiteness of precision matrices for normal
distributions. By representing exponential family distributions as
manifolds that conform to the ManifoldsBase. j1 interface, it
allows users to leverage optimization techniques from Manopt. j1
for these manifolds. Applications in maximum likelihood estima-
tion and variational inference highlight the package’s practical util-

ity.
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1. Introduction

Probabilistic inference problems can often be formulated as opti-
mization problems, such as maximum likelihood estimation (MLE)
or variational inference (VI) [S]. In practice, this often involves op-
timizing over a space of probability distributions to find one that
best fits the data (MLE) or approximates a target distribution (VI).
Unfortunately, direct optimization over arbitrary probability distri-
butions is intractable. To address these challenges, we often resort
to solutions within parametric families, with the exponential fam-
ily of distributions being a popular choice for its ability to trans-
form inference into convex optimization problems and its natural
emergence from maximum entropy principles [7]. As detailed in
[ZL Chapter 3], this family not only includes many common distri-
butions like Gaussian, Dirichlet, and Wishart, but also provides a
unified mathematical framework for representing graphical models
while ensuring distributions maintain maximal uncertainty consis-
tent with observed data. Formally, a distribution is a member of the
exponential family if there exists a parameter vector 7 such that its
probability density can be written as

p(z|n) = h(z) exp (n' T'(x) — A(n))

where 7 is called the natural parameter. Although this parametriza-
tion makes optimization more tractable, challenges remain due to
the geometric constraints on the parameter space. For example, the
natural parameter vector n for a multivariate Normal distribution
includes a matrix component proportional to the negative precision
matrix.

We present ExponentialFamilyManifolds.jl, a Julia [4]
package that addresses these challenges by implementing
the parameter spaces as Riemannian manifolds. By bridg-
ing ExponentialFamily.jl [8] with the manifold interface
from ManifoldsBase.jl [2] and concrete manifolds from
Manifolds. j1, the new package enables geometrically aware op-
timization techniques to handle parameter constraints automati-
cally using Manopt. j1 [3].

2. A tour through ExponentialFamilyManifolds. jl

In this section, we introduce the NaturalParametersManifold
interface, the core functionality of our package. We then demon-
strate how this interface can be applied to optimization tasks such
as maximum likelihood estimation and variational inference.

2.1 The core interface: NaturalParametersManifold

A key feature of the core interface NaturalParametersManifold
from ExponentialFamilyManifolds.jl is that any point on
a manifold—used within Manopt . jl—can also be viewed as an
exponential-family distribution. This dual view means we can in-
voke typical distribution operations (e.g., rand or logpdf) on the
same object that supports geometric operations like retract. In
other words, we can both manipulate a point as part of a manifold-
based optimization routine, and use it to evaluate functions that
treat a point as a distribution for operations like likelihood and sam-
pling.

The NaturalParametersManifold is implemented as a subtype
of ManifoldsBase.AbstractDecoratorManifold, defining a
generic interface to construct and work with the natural-parameter
space of an arbitrary exponential-family distribution. This “decora-
tor” approach allows us to extend the functionality of a base mani-
fold while preserving its core operations. For example, the natural
parameters of the Beta distribution form the manifold

MBeta = (_1700) X (_1700)7

which can be represented using ProductManifold from
ManifoldsBase.jl together with concrete manifolds from
Manifolds. j1 through coordinate transformations, which we call
partition_point and transform_back; the first one takes a
natural parameter and transforms it into the corresponding mani-
fold (in the Beta case, shifting it by 1), and the second one is the
inverse operation.

ExponentialFamilyManifolds. j1l offers an interface to con-
struct NaturalParametersManifold objects

M = get_natural_manifold(Beta, ())
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The method takes a distribution type, a dimensions tuple (empty for
univariate distributions, or e.g., (3,) for 3D multivariate normals),
and an optional conditioner. This produces a manifold M on which
each point corresponds to valid parameters of the Beta distribution.
To obtain a standard ExponentialFamilyDistribution object
from a point p on M, we use convert (EFD, M, p)El method. In-
ternally, convert applies transform_back(M, p) to recover the
usual parameter vector before constructing the distribution. An ex-
ample of this can be seen in Listing[2} where we use convert in-
side an MLE routine.

2.2 Using ExponentialFamilyManifolds. j1 for
Optimization

ExponentialFamilyManifolds.jl transforms distribution-
approximation tasks (e.g., maximum likelihood estimation or
variational inference) into manifold-optimization problems,
allowing users to focus solely on defining an objective func-
tion. Listing [T] demonstrates a generic workflow for performing
gradient-based optimization on a manifold M: first, compute the
gradient of the objective f using ManifoldDiff.jl, which
provides differentials for functions defined on manifolds that
implement the ManifoldsBase. j1 interface [2], and then execute
gradient_descent from Manopt. jl. The gradient_descent
function iteratively applies the retract method to update
parameters along the negative gradient direction.

Code 1: Generic manifold-based optimization

function optimize (M, f, m_init)
# compute the Riemannian gradient

# ... your differentiation backend here
g(M, ) = ManifoldDiff.gradient (M, £, 7,
backend)

return gradient_descent(M, f, g, nm_init)
end

To perform MLE and VI, we only need to define their respective
objective functions, the negative log-likelihood for MLE, and the
Free Energy for VI, and then use the generic optimize function
to perform the inference El The objective functions for MLE and
VI are provided in listings |2| and |3} respectively E Figure [1| shows
the results of both approaches. The upper panel demonstrates how
MLE and VI produce different approximations to the same target
distribution, while the bottom panel compares different families of
the approximating distribution.

Code 2: Objective functions for MLE

function f_mle(M, 7, samples)

dist = convert (EFD, M, 7)

return -mean(logpdf (dist, s) for s in samples)
end

Code 3: Objective functions for VI

function f_vi(M, 7, t, size)
q = convert (EFD, M, n)
samples = rand(MersenneTwister (22), q, size)
diff (s) = logpdf(t, s) - logpdf(qg, s)
return -mean(diff, samples)

INote that to make the listings smaller in place of
ExponentialFamilyDistribution, we write EFD.

>The complete example is implemented in the code at https:
//github.com/ReactiveBayes/ExponentialFamilyManifolds.
jl/blob/paper/paper_example/paper_example. jl.
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Fig. 1: Top: MLE (red) vs. VI (blue) approximations of a target distribu-
tion (shown in the background): a mixture of two Gaussian distributions
with different means and covariances. While MLE showed covering behav-
ior towards the target density, VI demonstrated a mode-seeking behavior.
Bottom: Isotropic (red) vs. full-covariance (blue) Gaussian approximations
using Free Energy objective for both, showing the trade-off between compu-
tational efficiency and approximation quality - Isotropic Gaussian approxi-
mations are fast to obtain, but less flexible than full-covariance Gaussians.

The optimize (the Listing [I) function demonstrates
how gradient descent can be implemented using the
NaturalParametersManifold interface. Additionally, the
approach can be easily adapted to use the natural gradient
[L] by incorporating the Fisher information into the gradient
computations, as shown in Listing [F]

Code 4: Computing the natural gradient with ForwardDiff . j1 [6]

function natural_gradient(M, p, f, grad)
q = convert (EFD, M, p)
F = fisherinformation(q)
grad = ForwardDiff.gradient (
x -> f(M, p), p
)
return F \ grad
end

3. Future work

While most of the distributions in this package use product mani-
fold geometry, the Fisher-Rao metric [1]] provides a more suitable
geometry for exponential families, potentially leading to more ro-
bust optimization (see Listing ). Additionally, extending the pack-
age to support mixture families of exponential family distributions
could enhance its capabilities since, for example, mixture models
can better capture multiple modes in VI.
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